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Abstract 

The near-horizon hmit of the extremal (weakly) isolated horizon is obtained under the Bondi- 
like coordinates. For the vacuum case, explicit coordinate transformation relating the near-horizon 
metric under the Bondi-like coordinates and the standard Poincare-type or global near-horizon 
metric of the extremal Kerr black hole is found, which shows that the two geometries are the same. 
Combined with the known thermodynamics of the (weakly) isolated horizon, it is argued that the 
Kerr/CFT correspondence can be generalized to the case of a large class of non-stationary extremal 
black holes. 
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I. INTRODUCTION 



The microscopic origin of the Bekenstein-Hawking entropy of various black holes is al- 
ways an interesting problem in theoretical physics. As should eventually be given by mi- 
crostate counting in quantum statistics, this entropy provides important information from 
the quantum theory of gravity. In fact, since the first successful microstate counting of the 
five-dimensional extremal black holes by Strominger and Vafa 111 and the four-dimensional 

n 

extremal black holes by Maldacena and Strominger [2[ in the context of superstring theory, 
it has been shown by Strominger that for the BTZ black hole the correct microstate 
counting can be done in a dual two-dimensional CFT without appealing to supersymmetry 
or string theory, based on the work by Brown and Henneaux {4]. 

A recent, essential progress on this subject is the microstate counting of the four- 
dimensional extremal Kerr black hole via a dual chiral two-dimensional CFT living on 
the boundary of the near- horizon extremal Kerr (NHEK) geometry 5|. This work has 
been extended to black holes in diverse dimensions and/or with U{1) gauge symme- 



;ries in the framework o 
in pj. 
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Einstein-Maxwellf-scalar), supergravity or superstring theory 
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18| . Some related developments can be found 



20|]. Furthermore, classification of near-horizon geometries of stationary extremal 



black holes, including those with supersymmetries and/or in 



ligher dimensions also has 
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22|. 



been carefully studied, with some powerful theorems proved 

All the known examples, however, of the so-called Kerr/CFT correspondence are for 
stationary Kerr-type black holes, i.e. each of them study black holes in stationary and axial 
symmetric spacetime. An interesting question is whether such correspondence is right for 
more general black holes, especially for non-stationary black holes. In order to consider 
this problem, we need a general definition of the horizon. Weakly isolated horizon (WIH) 



is a nice choice 



24. WIH is a 



A nice review on the theory of WIH can be found in 
generalization of the Killing horizon of black hole. It not only covers almost all known Killing 
horizons, including Schwarzschild and Kerr horizons, but also contains many non- stationary 



cases 



|. On the other hand, the thermodynamics of WIH has been studied extensively, 
with almost all elegant results as in the stationary case obtained 26|. It has also been shown 
that Hawking radiation exists near WIH [^^j. It is then natural and interesting to provide 



a microscopic interpretation for the entropy of WIH, possibly by seeking the generalization 
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of the Kerr/CFT correspondence to the (weakly) isolated horizon case, which is the main 
purpose of our paper. In fact, we will show that this is really possible for the vacuum, 
extremal isolated horizon. 

This paper is organized as follows. In Sec. [TTl we introduce the general definition of the 
(weakly) isolated horizon and work out its near-horizon geometry in the extremal case. In 
Sec. Illlt we take its near- horizon limit. For the vacuum, extremal isolated horizon, we obtain 
the explicit form of the near-horizon limit and find the explicit coordinate transformation 
to the standard Poincare-type or global near-horizon metric of the extremal Kerr black 
hole, which combined with the known thermodynamics of this kind of isolated horizon 
validates the microscopic interpretation for the corresponding entropy via a dual chiral two- 
dimensional CFT. Finally, we conclude and make some discussions in Sec. IIVI 



II. EXTREMAL (WEAKLY) ISOLATED HORIZON AND ITS NEAR-HORIZON 
GEOMETRY 



Based on works by A. Ashtekar and his colleagues 2J], the weakly isolated horizon and 
isolated horizon are defined as 

Definition 1 (weakly isolated horizon) 

Let {M,g) be a space-time. Ti is a 3-dim null hyper-surface in M and l'^ is the tangent 
vector filed of the generator ofH. H is said to be a weakly isolated horizon (WIH), if 

1. Ti. has the topology of S'^ x 3?, 

2. The expansion of the null generator ofTi is zero, i.e. Qi = on Ti, 

3. Tabv'' is future causal for any future causal vector v"" and the Einstein equation holds 
in a neighborhood ofTi, 

4. [Ci,Da]l"' = onH, where Da is the induced covariant derivative on H. 
Definition 2 (isolated horizon) 

Let {M,g) be a space-time. Ti is a 3-dim null hyper-surface in M and is the tangent 
vector filed of the generator ofTi. Ti is said to be an isolated horizon (IH), if 

1. 7i has the topology of S"^ x 3?, 



2. The expansion of the null generator ofH is zero, i.e. Qi = on Ti, 

3. TabV^ is future causal for any future causal vector v"- and the Einstein equation holds 
in a neighborhood ofTi, 

4. [Ci,Da\ =0 onTi, where Da is the induced covariant derivative on Ti. 

So the fourth condition for the latter is stronger. 

We need to choose coordinates and tetrad to describe their near-horizon geometry. For 
the WIH, a convenient choice is the Bondi-hke coordinates. The coordinates are constructed 
as follows: The tangent vector of null generator of 7i is Another real null vector field is 
n""] The foliation of Ti gives us the natural coordinates 0); Using a parameter u of 1°" and 
Lie dragging 0) along each generator of 7i, we have coordinates (u, 6*, 0) on 7i; Choosing 
the affine parameter r of n'^ as the forth coordinate, we obtain the Bondi-like coordinates 
{u,r,6,(j)) near the horizon^. In these coordinates, we choose the null tetrad as 

/° 9 ^ d ^ d ^ d 
du dr d( d(' 

= -, 

3 ^ 4 ^ 

^ ^ dr ~^ ^ dC ^ ^ dC 



where U = X = ci; = 0on7Y (following the notation in 2J|, equalities restricted to 7i 



will be denoted by "=" hereafter), and (C;C) complex coordinates on the section of 7i 
(not necessarily e^*"^ cot |). In words of the Newman-Penrose formulism, we also require the 
above tetrad satisfy the following gauge: 

i/ = 7 = r = a + /5 — 7r = /.i — /2 = 0, 

e-e = K = 0, (2) 

which means these tetrad vectors are parallelly transported along n'^ in space-time. Fur- 
thermore, the forth requirement in the definition of WIH implies there exists a one form Ua 
on Ti such that DJ'^ = ujJ'^ and CiUa = 0. In terms of the Newman-Penrose formulism. 



^ The Bondi-like coordinates here are exactly the so-called Gaussian null coordinates in [2l|, |22| 
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uja can be expressed as uJa = —{£ + s)na + (a + /3)ma + (a + (5)ma. T 



means [e + e) is constant on Ti. Based on the work of Astekar et. al. 



le above equation 
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24| . we know the 



{9 



(3) 



surface gravity of WIH is Kt = ivj"" [2J], so the extremal condition tells us that e + e = 0. 
In general, the inverse metric has the following form: 

/ -1 \ 

-1 2(|cj|2-f/) LU^^ + LU^^ - X iU^^ + iU^^ - X 

u^e+u^e-x 2ee \e? + \e\' 
V u^+^e-x \e\' + \e\' ^ee 

It is easy to see that \^—g = Vh if we denote [hAB] '■ 
Obviously, Hab is the induced metric on the section of WIH. 

In order to control the geometry in the neighborhood of the horizon, we consider the 



{m'^m^ + m'^m^) ^ with A, i? = 6*, 



commutative relations of tetrad (the first Cartan structure equation) [28 
relation of and is 



The commutative 



(4) 



[ra, Z] = (7 + 7)/ + {e + e)n — ij + n)m — (r + 7f)m. 
Using the Bondi gauge ([2]), we get 

[n, l] = {e + e)n — vrm — vfm. (5) 



The dr component of above equation is 

dU 
dr 



[e + e) — TXUO — TTLU, 



(6) 



So we know ^ = (e + e). The extremal condition tells us that drU = 0. The 9^ component 



dr 



of (IHD is 



drX = -71^^ - 7l^\ 



(7) 



For non-rotational case, tt = 0, so drX = 0. In order to get drUj\n, we need to consider the 
commutative relation of and m": 



[n, m] = ul — {t — a — j3)n — (yU — 7 + — Xrh. 
Under the Bondi gauge, its dr, 9^ and components are 

drUJ = -ft — flU — Xu =^ drUJ = 7T . 

Ore = -/^e' - . 



(8) 



(9) 



The value of and ^"^ are always regular (here regular means finite and non-zero). 

It turns out that, in order to consider the near- horizon limit, we need the value of ff^U 
on horizon. From (jS]), it is easy to get 

dlU = {dr-S + drS) — {dr7r)iU — Tldr-U) — drTTLU — Ixdj-UJ. (10) 

On horizon, 

d^U = {dr-e + drS) — ndrUj — ndrUJ 



So we need t 
equation) 



= {dr-e + dr-e) - 2\7r\\ (11) 
le value of drS on horizon. From N-P equations (the second Cartan structure 



R 

D-f - D'e = (r + 7r)a + (f + 7r)(3 - {e + 5)7 - (7 + 7)5 + ttt - i/k + ^2 - ^ + $ii- (12) 
Under the Bondi gauge, it becomes 

R 

-a^e = 7fa + 7r/3 + *2-^ + $ii. (13) 

so 

R R 

- dr-e - drS = (vra + 7r/5 + *2 - — + $11) + {na + 7r(3 + ^2 - 7-: + $11) 

= 2|7r|2 + 2Re^2 - ^ + 2$ii. (14) 

Now we consider the u-dependence of the near-horizon metric. On WIH, N-P equations 
tell us 

Da — 6e = {p + e — e)a + /3a — /3e — kX — R'j + {e + p)n + $10, (15) 
D(3 -6e = (a + 7r)o- + (p - e)l3 -{p + 7)^ - (a - 7r)e + ^1. (16) 

The energy condition of WIH tells us $10 = 0, and the Raychaudhuri equation implies 

p = 0, a = 0, ^0 = 0, *i = 0. (17) 

The Bondi gauge and WIH condition then implies 

d^7r = 0, d^{^2-^)=0. (18) 



WIH condition also gives 



du^ = 0, du^^ = 0. 



(19) 



We further impose the stabihty condition Ci^u = 0, which is automatically satisfied in the 
vacuum case. 

To sum up, we get for WIH 

U = -(2|7r|2 + Re(^2)-^ + $ii)r' + 0(r3), 



X = -«^ + 7r^^)r + 0(r2). 

For the vacuum case, it becomes 

U = -(2|7r|2 + Re(^2))r^ + 0(r3), 
u! = Tir + O(r^), 
X = -{tt^^ + 7r^^)r + 0{r^). 

The inverse metric has the following form 

/ -1 \ 

-1 /ir2 + 0(r3) /2r + 0(r2) f^r + 0{r'^) 

hr+o{r^) 2ee If? + \e? 
V /2r+o(r2) \e\' + \e? ^ee / 



where 



are functions of 6 only. So the metric should be 



J 





— * 







hAB 



I 



(20) 



(21) 



(22) 



(23) 



A,B = d,<p. (24) 



y hABfir + 0{r^) 

In the above calculation, because and n"^ are all chosen as future pointing, the outside 
black hole region corresponds to the region r < 0. This is inconvenient for later use, so we 
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introduce a simple coordinate reflection r — s> — r and re-express the above metric in the new 
coordinates as 

( {hABfif^-h)r' + 0{r^) -1 -hABf^r + 0{r^)\ 
-1 

~hABfir + 0{r'') Hab 



(9, 



\ 



A,B = 9,(I). (25) 



III. THE NEAR-HORIZON LIMIT OF EXTREMAL ISOLATED HORIZON AND 
ITS CFT DUAL 



Under the coordinate re-scaling 



u = r = Ar 

A 



(26) 



and taking the near-horizon limit A ^ 

m 

all the tildes in the expression) 



291 ]. the above metric becomes (after omitting 



ds' = -fir'du' - 2dudr + hAB{,dC^ - f2rdu){dC - f2rdu) 



-B fB„ 



(27) 



with Hab = JlabIk '^o^ functions of 6 only. This kind of near-horizon metrics have been 



obtained in 



21 



22 



and other papers, but here we achieve this directly from the viewpoint 
of extremal isolated horizon, without assuming any symmetry of the whole space-time. 
The functions /i, /2 and h^B satisfy certain geometric and dynamic constraints (while 



having some further gauge freedom), namely 



Rr, 



0, 



Rr, 



0. 



(28) 



These equations can be re-expressed in terms of the inner data [ua, hab) of the horizon as 



dwLJ + Cj"^ — K 



VmTT + 2r7r + TT^ 



0, 



(29) 



where " ' " means projecting on the section S"^ of the horizon, K is the Gaussian curvature of 
5*^, and F the component of connection on S"^ . These equations have not yet been solved for 
the WIH and generic IH 2J]. However, for the axi-symmetric, electrovac case of extremal 
IH, J. Lewandowski and T. Pawlowski have obtained the unique solution for these functions 



under certain stability condition for the electromagnetic field 



30|, i.e. the functions /i, /2 



and Hab (which are intrinsic data on horizon) are unique for the axi-symmetric, electrovac 
case. 

Concerning the vacuum case, in which the stabihty condition for the electromagnetic field 
is automatically satisfied, the solution of (129|) is 3^ 

m'^ = ^{P^^d^ + iPd^), x = cos9, (30) 
Co^ = MV + dlnB (31) 

with (taking the horizon area A = Stt throughout our calculation) 

^2 _ l^c(^^ V = - arctan cos 9, B = {1 + cos^ 6)^^^ (32) 
2 sin 9 

and the Hodge star defined by the 2-metric h. In fact, we have 

f^ab ^ ^a^b ^ ^a^b ^ }_ ^p-^Q^ + ^P^^J) , (33) 

SO 

Lb = 2{PV + P-W) = 2 (^-±^d9' + ^^^^dA . (34) 

\ 2 1 + COS"' 9 J 

Thus we obtain 

2sin^6' cos 6^ sin 6^ 

(1 + COS"' 6')"' l + cos^b' 

and 

„ „ , 11 1 cos^ , , 

2P 1 + cos^ 9 IP 1 + cos"' 9 
For vacuum IH we have Re(\E'2) = —K/2 with K the Gaussian curvature of the 2-metric h, 
which can be computed from (l34l) as 

_ 2-6cos^g 

^ " (1 + C0S2^)3- ^^^^ 



Noting in the vacuum case i? = = $11 in fl23l) . we have 

, ,n ^ , 1 + 6cos2^ -3cos^^ , , 

A = 6 vr P + 2Revl/2 = —-^ , 38 

(1 + COS"' t^)'^ 

f ,A ,>R ^ 4sin^6' 2cos6'sin6' ,^ . . 

/^AB/s^rfC"" = 2c0, = -— - ^d^, 39 

(1 + cos"' 6')"' 1 + cos"' 

so, eventually, the near-horizon limit of vacuum, extremal IH is 

,2 1 + 6cos26' - 3cos'^6' 2 , 2 or , 2 /in/ 7/1 2rcos6'sin6' , ,2 
ds^ = J, ^7^7^ r^du^ -2dudr + {l + cos^9){d9 + - TTK^duf 

4sin^^ , , J rdu ,0 , 
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This can be shown to be the near- horizon hmit of the extremal Kerr solution. In fact, under 
coordinate transformation 



u 



1 

t + -, 
P 

1 + cos^ 9 



2 
1 , 



-P, 



(41) 

(42) 
(43) 



the above metric becomes 



P^ 



V / f ,9 dp^ 4sin^^ P , sr, 

1 + cos^ e){-^dt' + ^ + dO') + T- Y^id^ + i;dt)\ 

4 1 + cos^ 6 2 



(44) 



which coincides with the near-horizon limit of the extremal Kerr solution in [29| with the 
ADM mass M = 1 consistent with A = Stt in our calculation. Restoring arbitrary M and 
taking some trivial coordinate transformations, we obtain exactly the same Poincare-type 
or global metrics of NHEK geometry as those in . 

Now, according to sl, this NHEK geometry has an asymptotic symmetry group (under 
certain boundary conditions) containing diffeomorphisms generated by 



(45) 



which form a Virasoro algebra without central charge under Lie brackets. The conserved 
charges associated with these diffeomorphism generators (SlJ then form a Virasoro algebra, 
under Dirac brackets, with a central charge 

12J 



h 



(46) 



with J = M'^/G the angular momentum of the extremal Kerr solution. 

On the other hand, thermodynamics of general WIH has been extensively studied in the 
literature 26|]. Ashtekar and Krishnan give a canonical way to choose the time direction 9^ 



for general WIH, in order to get meaningful thermodynamics of the WIH, which actually 
defines the canonical coordinates t and coinciding with the Boyer-Lindquist coordinates 



in the Kerr case 



2J]. Based on their results, for axial symmetric WIH, the surface gravity 



Kf, horizon angular velocity Qf: and horizon mass associated with the canonical time 
also coincide with the corresponding quantities in the Kerr case. It has been shown that 
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Hawking radiation exists near general WIH 27|] . The temperature of this thermal radiation 



is T = so the Boltzmann factor observed by a canonical observer should be 

27r ' 

exp( , (47) 

where E is the particle energy and m the particle angular momentum associated with the 
canonical observer. We also introduce coordinates t, cf) as 

^=^, = 0-f^ti (48) 

which coincide, in the extremal case, with the coordinates t, </> in j^. Then the particle 
energy and angular momentum associated with the new observer are 

ur = {2MiE - m), nL=m, (49) 

so we can reexpress the Boltzmann factor as 

E-mQj riL ur 

exp( ) = exp(-— - — ). (50) 

J -LL -LR 

Under the extreme limit J — » M^/G, it is easy to get 

Tl = ^, Tr = 0. (51) 

This means that the left modes are then thermally distributed with the temperature 

Upon applying the Cardy formula, the microscopic entropy for the CFT dual to the 
vacuum, extremal IH is 

27rJ . . 

-^CFT = yCi-^i = (52) 



which is the same as the macroscopic entropy Sm of the vacuum, extremal IH 



IV. CONCLUDING REMARKS 



In this paper, we show that the entropy of the vacuum, extremal isolated horizon may 
have microscopic origin, by working out its near- horizon limit, finding the explicit coordinate 
transformation to the standard Poincare-type or global near-horizon metric of the extremal 
Kerr black hole, and using the original Kerr/CFT argument. This supports the generaliza- 
tion of the Kerr/CFT correspondence to the extremal isolated horizon/CFT correspondence. 
Based on our discussion, the near horizon geometry of IH is fixed by the inner data of the 

11 



horizon, i.e. {hab, uJa). This may tell us that the origin of black hole entropy is only related 
with the inner geometry of the horizon and does nothing with how we embed it into the 
space-time, at least in the framework of Einstein gravity. 

The near-horizon limit that we obtain is for the general weakly isolated horizon, but only 
for the special case of the vacuum, extremal isolated horizon exact solution of the intrinsic 
data on the horizon is known. It is expected that more general cases can be dealt with, 
when there is no explicit solution and more general boundary conditions for the asymptotic 
symmetry of the near-horizon geometry have to be found. This is left for future work. 
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